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We develop an analytic approach for the study of the quench dynamics of the anisotropic Heisen-
berg model (XXZ model) on the infinite line. We present the exact time-dependent wavefunctions
after a quench in an integral form for any initial state and for any anisotropy ∆ by means of a
generalized Yudson contour representation. We calculate the evolution of several observables from
two particular initial states: starting with a local Ne`el state we calculate the time evolution of the
antiferromagnetic order parameter–staggered magnetization; starting with a state with consecutive
flipped spins we calculate the propagation of magnons and bound state excitations, and the induced
spin currents. We also show how the “string” solution of Bethe Ansatz equations emerge naturally
from the contour approach. We confront our results with experiments and numerical methods where
possible.
The study of the time evolution of quantum many-
body systems has seen much progress due to the advance
of techniques in ultracold atomic gases, which can pro-
vide almost isolated systems with highly tunable parame-
ters [1]. For example, the “quantum Newton’s cradle” [2]
lead to intense theoretical study of the relation between
integrability and thermalization, or lack thereof [3–12]. A
standard setup to study a system out of equilibrium is a
quantum quench: one prepares the system in some initial
state and then suddenly applies a Hamiltonian to it while
monitoring its subsequent time evolution. In particular,
the quench of a quantum spin chain drew much atten-
tion from different aspects [13–16]. The quench from
the antiferromagnetic phase to the critical phase follows
the evolution of the order parameter through a critical
point [17, 18]; the emergence of propagating bound states
of magnons, which was predicted by Bethe Ansatz [19],
are studied by various numerical methods such as time-
evolving block decimation [20], and directly observed ex-
perimentally [21].
We shall study the quench dynamics of a quantum spin
chain by an exact, analytical method: Yudson’s contour
approach [22] proposed in the context of the Dicke model.
It is proved to be also successful in one-dimensional in-
teracting boson gas [23, 24] which has different dynamics
but a similar scattering-matrix. Although the quantum
spin chain system has a more complicated S-matrix, we
will show the Yudson’s contour approach works as well
after some generalization.
The physics of a quantum spin chain is given by the
anisotropic Heisenberg model:
H = −J
∑
j
[
σxj σ
x
j+1 + σ
y
j σ
y
j+1 +∆(σ
z
j σ
z
j+1 − 1)
]
, (1)
where the σ’s are Pauli matrices. We choose J > 0 and
measure time in dimensionless units Jt. The complete
set of eigenstates is of the form [19, 25–27]:
|~k〉 =
∑
{mj}
S
∏
i<j
[θ(mi −mj) + s(ki, kj)θ(mj −mi)]
×
∏
j
eikjmjσ+mj | ⇓〉, (2)
where σ+ = (σx + iσy)/2 is the spin raising opera-
tor, and | ⇓〉 is the reference state with all the spins
down. S is the symmetrizer on the mj ’s. The inter-
action between magnons is captured by the S-matrix:
s(ki, kj) = − 1+e
iki+ikj−2∆eiki
1+eiki+ikj−2∆eikj
. For thermodynamic cal-
culations it is convenient to impose periodic boundary
conditions on the system so the momenta kj ’s are quan-
tized as solutions of the resulting Bethe Ansatz equa-
tions. They may be either real or complex; the real ones
are interpreted as free magnons, while the complex ones
are realized as bound states [26, 27]. The bound states of
magnons are difficult to detect by conventional probes,
but were observed by means of quantum quench [20, 21].
We will show how they emerge naturally from the Yud-
son’s contour approach.
To carry out the time evolution of some generic initial
state |Ψ0〉 one expands it by the Hamiltonian’s eigen-
states and evolves each one separately:
|Ψ0〉 =
∑
{kj}
|~k〉〈~k|Ψ0〉, (3)
|Ψ(t)〉 = e−iHˆt|Ψ0〉 =
∑
{kj}
e−i
∑
j E(kj)t|~k〉〈~k|Ψ0〉. (4)
Due to the complexity of the eigenstate |~k〉, both the
overlap 〈~k|Ψ0〉 and the summation over kj ’s are difficult
to calculate. Yudson’s contour approach allows us to
carry out these calculations efficiently. One considers ba-
sis states defined in one quadrant |n1, · · · , nN 〉 = θ(n1 >
· · · > nN )
∏N
j=1 σ
+
nj
| ⇓〉 in terms of which any initial state
|Ψ0〉 can be expressed and works directly on the infinite
2TABLE I: Different parameterizations for various ∆. Instead of momentum k, the rapidity α is to label an eigenstate. All the
physical quantities are expressed as a function of α. The anisotropy ∆ is denoted by a new parameter λ or µ.
Physical quantities In k language ∆ = − coshλ < −1 −1 < ∆ = − cosµ < 1 ∆ = coshλ > 1
Plane wave Pm(α) eikm
[
sin iλ−α
2
sin iλ+α
2
]m [
sinh( iµ−α
2
)
sinh( iµ+α
2
)
]m [
−
sin iλ−α
2
sin iλ+α
2
]m
S-matrix S(α1, α2) −
1−eik1+ik2−2∆eik1
1−eik1+ik2−2∆eik2
sin(
α1−α2
2
−iλ)
sin(
α1−α2
2
+iλ)
sinh(
α1−α2
2
−iµ)
sinh(
α1−α2
2
+iµ)
sin(
α1−α2
2
−iλ)
sin(
α1−α2
2
+iλ)
Eigen energy E(α) 4J(∆− cos k) 4J sinh
2 λ
cosα−cosh λ
− 4J sin
2 µ
coshα−cos µ
− 4J sinh
2 λ
cosα−cosh λ
Weight W (α) = dk
dα
sinhλ
cosh λ−cosα
sinµ
cosh α−cosµ
sinhλ
cosh λ−cosα
line, replacing the summation over kj ’s by integrals in
the complex plane:
|n1, · · · , nN 〉 =
∫
γj
d~k|~k〉(~k|n1, · · · , nN〉. (5)
Here |~k) = ∑{mj} θ(m1 > · · · > mN )
∏
j e
ikjmjσ+mj | ⇓〉
is the Yudson’s auxiliary state [22], whose overlap with
an initial state is simple. The integral contours {γj} need
to be properly chosen, so that the identity (5) is mathe-
matically valid. To exhibit the contours it is convenient
to reparameterize the momenta k, the reparameteriza-
tion being dependent on the value of the anisotropy ∆
as given by Table I, in terms of which the contours {γj}
are shown in Fig. 1(a)(b). The validity of the repre-
sentation can be established by closing the contours in a
carefully chosen order so that the integrand either has no
pole inside the contour, or has poles inside the contour
but the residues of those poles cancel out. The choice of
contours captures the properties of the bound states of
the magnons, as we will show later. With the expansion
(5), we obtain the time-dependent state,
|n1, · · · , nN , t〉 =
∫
γ
d~ke−i
∑
j
E(kj)t|~k〉(~k|n1, · · · , nN 〉
=
∑
{mj}
Ψ{nj}({mj}, t)
∏
j
σ+mj | ⇓〉, (6)
where the time-dependent wavefunction Ψ{nj}({mj}, t)
is given in integral form,
Ψ{nj}({mj}, t) = S
∫
γ
∏
j
dαjW (αj)P
mj−nj (αj)e
−iE(αj)t
×
∏
i<j
[θ(mi −mj) + S(αi, αj)θ(mj −mi)]. (7)
The expression is valid for both regions |∆| < 1 and
|∆| > 1, with different definitions of the functions W (α),
Pm(α), E(α) and S(α1, α2) given in Table I.
The time evolution (7) reveals the spectrum and eigen-
state structure of the Hamiltonian which consists of prop-
agating magnons and their bound states as well as bound
states of bound states. Consider an example of an initial
state with two spins flipped at n1, n2, propagating with
the |∆| > 1 Hamiltonian. As shown in Fig. 1(c), moving
the back-running parts of the contours up to +∞i where
they vanish, one picks up a pole contribution from the
S-matrix at α∗2 = α1 +2iλ. Hence, the wavefunction can
be separated into two terms
Ψ(m1,m2, t) =
∫ pi
−pi
∏
j=1,2
dαjW (αj)P
mj−nj (αj)e
−iE(αj)t
×[θm1,m2 + S(α1, α2)θm2,m1 ]
+4π sinh(2λ)θm2,m1
∫ pi
−pi
dαW (α − iλ)Pm1−n1(α− iλ)
×e−iE(α−iλ)tW (α+ iλ)Pm2−n2(α+ iλ)e−iE(α+iλ)t.
(8)
The first term describes the propagation of free magnon
contribution, while the second term, consisting of com-
plex two-strings, describes the the propagation of the
bound states contribution to the initial state of two
flipped spins. This separation works for any number of
flipped spins and in both regions |∆| < 1 and |∆| > 1.
With more flipped spins, one needs to carefully count all
the residues, and all the possible higher order strings will
emerge [28]. Our method shows that the bound states
are independent of boundary conditions, but intrinsic
for the quantum dynamics of the spin chain. It also
shows that the free magnon state and different bound
states evolve separately. The prefactor in (8), given
by the residue of the S- matrix, can be interpreted as
the proportion of bound eigenstate in the initial state.
From the wavefunction any observable can be calcu-
lated, 〈Oˆ(t)〉 = 〈Ψ(t)|Oˆ|Ψ(t)〉. For example, the local
magnetization is given by M(n, t) = 〈Ψ(t)|σzn|Ψ(t)〉 =∑
{mj},j 6=1
|Ψ(n,m2,m3, ...,mN , t)|2. Below we show our
results of time-dependent observables including local
magnetization, antiferromagnetic order parameter, and
spin currents.
Generally, the integrals in (7) are difficult to calculate
analytically but can be easily evaluated numerically for
short times. For long times, the oscillatory integrand
makes the numerical integration time-consuming, but al-
lows on the other hand the evaluation of the integrals via
the saddle point approximation. Consider the evolution
of the initial state |Ψ0〉 = σ+1 σ+0 | ⇓〉 which was investi-
gated experimentally [21]. Separating the contributions
3FIG. 1: The integral contours for the regions: (a) |∆| > 1, the integrand is periodic in the real direction with period 2pi. It has
a pole at α∗j = iλ or −iλ from the plane wave depending on the sign of mj − nj ; and a possible pole at α
∗
j = αk + 2iλ, k < j
or αk − 2iλ, k > j from the S-matrices. (b) |∆| < 1, the integrand is periodic in the imaginary direction with period 2ipi.
The integrand has similar pole structure. (c) By moving the back-running part of the contours over the S-matrix pole at
α∗2 = α1 + 2iλ, the bound state emerges from the integral Eq. (7).
FIG. 2: (a) The norm of the wavefunction |Ψ(m1, m2, t)|
2 at different time for two flipped spins initially at n1 = 1, n2 = 0,
calculated by numerical integration. (b) The joint probabilities of having two spins at site i and j, measured experimentally in
Ref. [21](with permission). (c) At large time Jt = 6, |Ψ(m1,m2, t)|
2 shows the features given by saddle point approximation.
of propagating magnons and bound states, the magnon
contribution in k language takes the form Ψmagn =∫ pi
−pi
∏
j=1,2
[
dkj
2pi e
4iJt cos kj+i(mj−nj)kj
]
S(k1, k2) [29].
For Jt is large, it can be approximated by the
contributions at the saddle points Ψmagn ∼=∑
{ks
j
} ψ(m1, t)ψ(m2, t)S(k
s
1, k
s
2), where the saddle points
are determined by ∂
∂ks
j
(4iJt cosksj + i(mj − nj)ksj ) = 0,
and ψ(mj , t) =
∫ pi
−pi
dkj
2pi e
4iJt cos kj+i(mj−nj)kj =
imj−njJBmj−nj (4Jt) gives the propagation of a single
magnon. In addition, when m1 ≈ m2 we have ks1 ≈ ks2
and since S(k, k) = −1 we have Ψmagn(m1 ≈ m2) ≈ 0
along the diagonal. To describe the bound state
contribution we introduce the diagonal distance
M = (m1 − n1 + m2 − n2)/2, and the off-diagonal
distance N = (m2 − n2 −m1 + n1)/2. Then the bound
state in k language can be written as
Ψn1,n2bound(m1,m2, t) =θm2,m1
∫ pi
−pi
dK
2π
e4iJt
sinh(λ)
sinh(2λ)
cosK+iMK
×(cosK + cosh 2λ)g(K)N , (9)
where g(K) = 1−cosK
2 cosh2 λ
takes real values between 0 and 1.
The bound state looks like a single propagating magnon
along the diagonal with a rescaled time, multiplying a ex-
ponential decay factor along the off-diagonal. In Fig. 2
we show, Pm1,m2 = |Ψ(m1,m2, t)|2, the joint probability
to have two spins at sites m1 and m2 for ∆ = 1.2. The
same quantity was experimentally measured [21], repro-
duced in Fig. 2(b). The probability at long times, Fig.
2(c), exhibits the features discussed above. In Fig. 3(a)
we show the local magnetization, M(n, t), as a function
of site position n and time t for different ∆. In the region
∆ > 1 one can clearly see two wavefronts. The inner one
is due to the bound state and the outer one is of free
magnons. The overlap between the bound state and the
initial state increases with ∆ and for ∆ = 4 the bound
state dominates. The ratio of the velocities follows from
the asymptotic form of the bound state (9) and is given
by sinh(λ)/ sinh(2λ) since time is rescaled by this factor
[30]. For ∆ < 1, it is harder to distinguish the second
wavefront, because the bound state in this region takes
a similar form as (9) with momentum K restricted by
−π + 2µ < K < π − 2µ. Hence one of the saddle points
could be out of the this range, making the wavefront of
the bound state more diffuse. Especially when µ < π/4
(∆ <
√
2/2), even the momentum corresponding to the
maximum velocity, K = π/2, is forbidden, so the wave-
front completely disappears.
Proceeding to initial states with three flipped spins we
consider first the initial state with consecutively flipped
spins as the bound state contribution is maximal. Sep-
arating the wave function into magnon and bound state
contributions we calculate them by the saddle point ap-
4FIG. 3: Local magnetization as a function of site position n
and time t for different ∆, starting from an initial state (a)
|Ψ0〉 = σ
+
1 σ
+
0 | ⇓〉, (b) |Ψ0〉 = σ
+
1 σ
+
0 σ
+
−1| ⇓〉.
proximation for Jt > 3. The propagations are shown in
Fig. 3(b). For ∆ > 1, one can clearly see three wave-
fronts: the outermost corresponds to the free magnons;
the middle one is corresponding to the state with two
magons bound while the third one is free; the innermost
one corresponds to the state with three spins bounded
together. Again, as ∆ decrease below 1, the bound state
wavefronts dim and become indistinct.
Of particular interest is the quench from an initial
state exhibiting antiferromagnetic order (essentially cor-
responding to ∆ = ∞) to the critical phase |∆| < 1
or finite |∆| > 1. Starting from a local Ne´el state:
|Ψ0〉 =
∏N
j=1 σ
+
2j | ⇓〉 for N = 3 we follow the evolution of
the staggered magnetization ms(t) =
∑
n(−1)n〈σzn(t)〉,
the antiferromagnetic order parameter. The results cal-
culated by our contour approach are shown in Fig. 4 for
different ∆. One can see typically both oscillation and
decay of ms(t). In the critical regime, increasing ∆ leads
to a faster decay of ms(t), while for ∆ > 1, ms(t) decays
more slowly as ∆ increases. These decay rates roughly
agree with Ref. [17], but the oscillation behavior does
not. It may be due to the fact that we evaluate the or-
der parameter in a finite box, and do not consider the
magnons that get away.
The quench induces spin currents in the system. The
current through a site n, given by Iˆn = 2iJ(σ
+
n σ
−
n+1 −
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FIG. 4: The time evolution of the staggered magnetization
from an initial state |Ψ0〉 = σ
+
2 σ
+
0 σ
+
−2| ⇓〉, and within a box
from site n = −3 to n = 3. The curves connecting data points
are quadratic spline interpolation.
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FIG. 5: The spin currents measured at (a) site n = 15 and
(b) site n = 9, from the initial state |Ψ0〉 = σ
+
1 σ
+
0 σ
+
−1| ⇓〉.
One can see bumps caused by different bound states.
σ−n σ
+
n+1), when evaluated as a function of time pro-
vides a measure of the various excitations that cross
the site as they arrive at different times having differ-
ent velocities. We show the currents from initial state
|Ψ0〉 = σ+1 σ+0 σ+−1| ⇓〉 in Fig. 5. For particular choice
of site n, one can identify certain bound states from the
currents. In Fig. 5(a), where the currents are calculated
at site n = 15, the first bump of the currents comes at
the same time for different ∆. It is due to the wavefronts
of the free magnon state whose propagating speed is in-
dependent of ∆. While the second bump corresponding
to the two-magnon bound state comes in the order of
increasing ∆, since the speed of bound states decreases
5with ∆. For ∆ = 4, time is not long enough to see the
two-magnon bound state arrive. In Fig. 5(b) we show
the current at site n = 9, closer to the origin. The free
state has already passed for all the ∆’s, while the two-
magnon bound states can be seen clearly coming in order
of increasing ∆. For ∆ = 0.9, the three-magnon bound
state has too small a weight to show in the current, while
for ∆ = 1.2 one can see the three-magnon bound state
arriving. We expect that current measurement could be
a easier way to probe the bound states.
Conclusions We have studied various aspects of the
quench dynamics of the XXZ Heisenberg model. We pre-
sented in (7) the exact time-dependent wavefunction in a
integral form, and showed how it generated the bound
state structure of thermodynamic Bethe Ansatz. We
evaluated the integral numerically and by saddle point
approximation, and calculated the evolution of observ-
ables including local magnetization, staggered magneti-
zation and spin currents.
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